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I. Introduction

I N this Note, it will be shown that optimal control techni-
ques1 can be employed to drive the numerical error (trun-

cation, roundoff, commutation) in computing the quaternion
vector to zero. It is also interesting to note that the nor-
malization of the quaternion can be carried out by suitable
choice of a performance index, which can be optimized. The
method of normalization presented here can also be easily
implemented if one simulates the quaternion differential
equation on an analog computer.

Section II deals with the derivation of the error model.
Section III presents the derivation of the control algorithm.
The simulation results for validating the control algorithm
are given in Sec. IV. The modified dynamic model for at-
titude determination is given in Sec. V.

II. Error Equations for Quaternion Propagation
The error equations used here are derived from from the

theoretical development by Friedland.2 Accordingly, the at-
titude motion of a sti apdown system with reference to a
nonrotating coordinate system is given by

(1)

with 0/0f = l. qt(t) is a four-component vector. Assuming
that qc(t) is the computed quaternion, the errors bq can be
defined as

bq = qt — qc = 1. qt (t) is a four-component vector. Assuming
th^Lt qc(t)is the computed quaternion, the errors dq can be
defined as

£0=0,-0c (2)
Similarly, if wc is the computed angular velocity and wt is
the true angular velocity, then 6n> can be.defined as

- wt — wc

qc is governed by
(3)

(4)

with qT
cqc^\. u(t) represents the control signals to be de-

signed for driving dq to zero. Q(H>) is given by

0 -W2

0

-w3 0

(5)

where wl9 w2, and w3 are the projections of the instan-
taneous angular velocity of the reference axes in the body.
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Differentiating Eq. (2) and making use of Eq. (3), one gets

(6)

Equation (6) has been simplified in Ref. 2 and is given for
convenience:

bq=V2^(wt)bq+V2G(qt)bw~u(t)l, dq(t0)=dq0 (7)

Equation (7) denotes the error state equation. Assuming that
the error state is avilable in each computational step, then a
state variable feedback (u) can be given to drive the error dq
to zero. G(q) is given by

G(q)

04 -03 0

03 04 -01

L -01 -02 -03 J

(8)

III. Optimal Control
For our purposes, without any loss of generality, bw can be

assumed as zero. Then Eq. (7) can be rewritten as

dq= (9)

The control signals u(t) can be designed by minimizing a
quadratic performance index of the type given below:

J(u) = V2bqTSbq \t=tf (10)
J

where Q and S are assumed as at least positive semidefinitive
constant weightage matrices and R as a positive definite con-
stant matrix, and (tQ9tf) defines the control interval.

The Hamiltonian H (bq,u,\) can be defined as

H(bq,u,\) = J/2 [bqTQbq + uTRu) +\T[V2^(w)bq-u) (11)

The necessary conditions of optimal control1 are given by

dH I
—- #w*-A = 0, u*=R-{
du I u = u*

The transversality condition is given by

a
d(dq) [V2bqTSbq}=Sbq

(12)

(13)

(14)

Equations (9), (13), and (14)'constitute the solution of a two-
point boundary value problem. The augmented state and ad-
joint equations can be rewritten as

50
A -Q

(15)

Since Eq. (15) is lineaii, it is possible to transform the two-
point .boundary- value problem to a terminal boundary value
problem. Assume that

(16)

where P is a symmetric positive defintie matrix. From Eq.
(12), it follows that

(17)u*=R~lPbq
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Differentiating Eq. (16), one gets which can be further simplified as

(18)

Equation (18) can be simplified using Eqs. (9) and (13) as
follows:

(19)

(20)

For a general

which is the matrix Riccati equation. From Eqs. (16) and (14),
it follows, at the terminal time,

(21)

Equation (20) can be solved backward from t = tf until t = t0.
The optimal control u* can be obtained as

(22)

with K=R~1P. The computed quaternions can be found from
Eq. (4) as

(23)

Equation (23) can be used to normalize the quaternion. It is in-
teresting to recall that Mitchell and Rogers3 have employed
derivative constraints in their simulation for satisfying the
norm constraint. Only a single gain factor k has been used by
them instead of a matrix of optimized control gains by us as
given in Eq. (23). Results of Ref. 3 have also been further
verified with practical test data in Ref. 4.

Adopting Eq. (23) is beset with practical difficulties because
it needs the true quaternion vector qt, which is normally not
available. If, at each step, the following approximation is
made, then this difficulty can be overcome.5 Assuming

*,s-£- (24)

where \qcl =
ten as

4c) ' / 2> E(J- (23) can be rewrit-
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Fig. 1 Control gain matrix.

(25)

Then, Eq. (25) can be easily implemented.

IV. Simulation Results
The algorithm has been simulated using the VAX 11/780

digital computer by assuming sinusoidal body rates experi-
enced in all three axes of a satellite. Assuming an Earth-
pointing satellite with an orbital period of 90 min, and angular
vibration of magnitude equal to 0.5 arc min and frequency of
10 rad/s in all axes, the body rates can be generated as follows:

47T
(26)

Two sets of weightage matrices have been assumed for the op-
timization with Q = 7, R = I, atid Q = 2I,R = I. All the elements
of 5 have been assumed as unity in both cases.

The matrix Riccati equation has been solved backward from
tf=lO s, and it has been noticed that the P matrix attains
steady state. The steady-state gains are summarized in Table 1.
The time variation of K as a function of time is shown in Fig. 1
for case II.

Equation (25) has been simulated assuming different dq (tQ),
both positive and negative and using the steady-state control
gains summarized in Table 1. In all the cases simulated, the
quantity E= [1 -q*qc] has been found to converge to a very
small quantity of the order of 10 ~12 from an initially large
value of the order of \E I = 0 • 5. Figure 2 presents the variation
of Eas a function of time for different cases simulated. Figure
3 gives the computed quaternion vector qc.

V. Dynamic Model for Attitude Determination
In previous studies, the normalization has been carried out

after estimating the quaternion vector. It can be of interest to
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Fig. 2 Normalization error.

Table 1 Steady state gains

Case

I

II

K\\

1

1.4142X-10"12.

K12

0.16xlO~8

0.54 X 10~ 12

#13

0.16xlO~8

0.54 x 10~ 12

K14

0.16xlO~8

0.54 x 10- 12

K22

1

1.4142

K23

0.16X10-8

0.54 X 10- 12

K24

0.16X1Q-8

0.54 x 10 -12

#33

1

1.4142

#34

0.16xlO~8

0.54X10-12

K44

1

1.4142
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Fig. 3 Quaternions.

study the performance of the estimator in the presence of the
feedback control that maintains the normalization. The
following model, which follows Eq. (25), can be used for such
purposes:

(27)

u^g-b-q (28)

where g is the gyro output and b is the gyro drift rate to be
estimated along with q. TJ denotes the gyro noise. Equation
(27) can be used for propagation, and the star tracker data can
be utilized to identify the gyro drift and update q as it is pro-
posed in Ref. 6.

VI, Summary
Quaternion normalization has been successfully carried out

using optimal control techniques. A matrix Riccati equation

results for the computation of the gain matrix. Simulation
results indicate that a high precision of the order of lO"12 can
be achieved by this technique in meeting the constraint
<7r<7=l.

The effect of normalization on the update equations needs
further study. The modified model given in Eq. (27) can be
utilized for this purpose. The scheme can be implemented
without increasing very much the computer loading because K
an be precomputed and stored.
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